Abstract. This paper is devoted to apply the equivariant moving frame method to study the local equivalence problem of third order ordinarily differential equation under the pseudogroup of fiber preserving transformations.
Introduction
The general equivalence problem is to recognize when two geometrical objects are mapped on each other by a certain class of diffeomorphisms. E. Cartan developed the general equivalence problem and provided a systematic procedure for determining the necessary and sufficient condition [1, 2, 3] . Now we assume y = y(x) be a real function and give two third order ordinary differential equation y ′′′ = F (x, y, y ′ , y ′′ ) andȳ ′′′ =F (x,ȳ,ȳ ′ ,ȳ ′′ ). The equivalence problem is to establish whether or not there exists a local transformation of variables of a suitable type that transforms first into second equation. This problem involves a number of related problems such as defining a class of transformations, finding invariants of these transformations, obtaining the equivalence criteria and constructing the transformations. The main contribution to the issue of point and contact geometry of third order ODEs was made by respectively E. Cartan and S. -S. Chern in their classical papers [1, 2, 3] and [4] . One may consider equivalence with respect to several types of transformations, for example Michal Godlinski was extensively studied on contact, point and fibre-preserving transformations cases for third order ODEs, in his Ph.D. thesis in [5] .
But in this attempt we shall apply the equivariant moving frame method to solve the local equivalence problem of third order differential equations under the pseudo-group of fiber preserving transformations X = ξ(x), U = ϕ(x, u).
(1.1)
The theory of moving frames was primarily developed and formulated byÉlie Cartan, [6, 7] , who modeled it into an algorithmic tool for determining a generating set of the differential invariant algebra of Lie pseudo-groups. The moving frame provides an effective means for determining complete systems of differential invariants and invariant differential forms, classifying their syzygies and recurrence relations, and solving equivalence and symmetry problems arising in a broad range of applications, [8] .
In [9] , Fels and Olver suggested a new theoretical foundation to the method of moving frames. Suppose a Lie group G acting on the n-th order jet space J n of m-dimensional submanifolds of M is given. A moving frame is a G-equivariant section of the trivial bundle J n × G −→ J n . This new concept of moving frames is now referred as the equivariant moving frame method. In the finite-dimensional theory, [9] , a moving frame is defined as an equivariant map J n −→ G from an open subset of the submanifold jet bundle to the Lie group. For Lie pseudo-groups, we define a moving frame to be an equivariant section of a suitable bundle H (n) −→ J n constructed from the jets of pseudo-group transformations. For finite-dimensional Lie group actions, the existence of a moving frame requires that the action be free, i.e., G S = {g ∈ G : g · S = S} which denote the isotropy subgroup of a subset S ⊂ M be trivial. Clearly, an infinite-dimensional pseudo-group action never has trivial isotropy, and so we must modify the definition of freeness to require that all elements of the isotropy sub-pseudo-group of a point in J n have the same n-th order jet as the identity diffeomorphism. Indeed, Freeness of a prolonged pseudo-group action does not reduce to the usual freeness condition when the pseudo-group is a finite-dimensional Lie group.
Assuming freeness, one can construct the moving frame using Cartan normalization procedure associated with a choice of local cross-section to the group orbits in J n , [9, 10] . The moving frame induces an invariantization process that canonically maps general differential functions and differential forms on J ∞ to their invariant counterparts.
New and significant applications of the equivariant moving frame method for infinite-dimensional Lie pseudogroups actions appears in [11, 12, 13] by Olver and Pohjanpelto. There are some applications of this theory for infinite-dimensional Lie pseudo-groups in [14, 15] .
After reviewing this theory, the method is illustrated for third order differential equations. The theory of infinite-dimensional Lie pseudo-groups relies on the Cartan-Kähler Theorem, [16, 17] , which requires analyticity. Thus, all our constructions and results hold in the analytic category.
Structure Equations of Lie Pseudo-Groups
Throughout this paper, M will be an m-dimensional manifold and D = D(M ) the pseudo-group of all local analytic diffeomorphisms of M . A pseudo-group G ⊂ D is called regular of order n ⋆ ≥ 1 if, for all finite n ≥ n ⋆ , the n-jet of the transformations form an embedded subbundle G (n) ⊂ D (n) , and the projection π n+1 n : G (n+1) → G (n) is a surjective submersion. An analytic pseudo-group G ⊂ D is called a Lie pseudo-group if G is regular of order n ⋆ ≥ 1 and, moreover, every local diffeomorphism ϕ of D satisfying j n ⋆ ϕ ⊂ G (n ⋆ ) belongs to the pseudo-group, i.e. ϕ ∈ G.
In local coordinates, for n ≥ n ⋆ , the pseudo-group jet subbundle G (n) ⊂ D (n) is characterized by an involutive system of n th order partial differential equations
called the determining system of G, and a local diffeomorphism ϕ is in G if and only if its n-jet is a solution of (2.1).
In local coordinates a vector field in X (M ), the space of locally defined vector fields on M , is denote by
For 0 ≤ n ≤ ∞, let J n T M denote the bundle of nth order jets of sections of T M . Local coordinates on J n T M are given by
where ζ a B represents the partial derivative ∂ #B ζ a /∂z B . Let
be the linear system of partial differential equations obtained by linearizing the determining system (2.1) at the identity n-jet 1 (n) ∈ G (n) . A vector field (2.2) is in the Lie algebra g of infinitesimal generators of the Lie pseudo-group G if and only if its n-jet is a solution of (2.4). The structure equations of an infinite-dimensional Lie pseudo-group G are obtained by computing the structure equations of a G-invariant coframe. For the diffeomorphism pseudo-group D an invariant coframe is given by the horizontal forms
are the zero-th order invariant contact forms and the Maurer-Cartan forms
on D ∞ . Writing the horizontal component of the exterior differential of a differential function F : D (∞) → R in terms of the invariant horizontal coframe (2.5) 8) serves to define the dual invariant total differential equations
where (w b a (z, Z (1) )) = ∂Z b /∂z a −1 denotes the inverse Jacobian matrix. Theorem 2.1. The structure equations of the diffeomorphism pseudo-group
where the last sum ranges over all multi-indices A, B such that #B ≥ 1, and their concatenation equals the multi-index C where
Proposition 2.2. Let G ⊂ D be a Lie pseudo-group. Once restricted to G ∞ the Maurer-Cartan forms (2.7) satisfy the linear relations
obtained by making the formal replacements z a → Z a , ζ a B → µ a B in the infinitesimal determining equations (2.4). Theorem 2.3. The structure equations of a Lie pseudo-group G ⊂ D are obtained by restricting the structure equations (2.10) of the diffeomorphism pseudo-group to the kernel of (2.11).
We compute the structure equations of the Lie pseudo-group action
12)
which is obtained from (1.1) by considering its third order prolongation. The determining equations for the Lie pseudo-group action (2.12) are
(2.13)
To obtain the infinitesimal determining equations of the pseudo-group we linearize (2.12) at the identity transformation. If an infinitesimal generator of the pseudo-group action is denoted by 14) then the infinitesimal determining system is given by
Using the propositionosition 2.1 we find the linear relations among the Maurer-Cartan forms
A , µ r A and their prolongations by the following substituting 16) in the infinitesimal determining equations (2.15) and then the lift of it gives the linear relations
It follows that
is a basis of Maurer-Cartan forms for the pseudo-group action (2.12). To simplify the calculation, we introduce the functions
The horizontal forms of the pseudo-group action (2.12) are given by
20)
Applying Theorem 2.3, the structure equations of the invariant horizontal coframe are
where
Also, the structure equations for the basis of Maurer-Cartan forms (2.18) are
Equivariant Moving Frames
For infinite-dimensional Lie pseudo-group actions, the equivariant moving frame construction was first laid out in [11] . Let G be a Lie pseudo-group action on an m-dimensional manifold M and 1 ≤ p < m. For each integer 0 ≤ n ≤ ∞, let J n = J n (M, p) denote the the extended jet bundle of equivalence classes of p-dimensional submanifolds of M under n th order contact at a single point, [17] . For k ≥ n, we use π k n : J k → J n to denote the canonical projection. Locally, the coordinates on M can be written as z = (x, u) where x = (x 1 , . . . , x p ) are considered to be the independent variables parameterizing a submanifold S ⊂ M and u = (u 1 , . . . , u q ), q = m − p, the dependent variables. The induced coordinates on J n are denoted by z (n) = (x, u (n) ), where z (n) denotes the derivatives u α J = ∂ #J u α /∂x J of the u's with respect to the x's of order 0 ≤ #J ≤ n. Let E (n) → J n be the lifted bundle obtained by taking the pull-back bundle of E (n) → M via the projection π n 0 : J n → M . Local coordinates on E (n) are given by (z (n) , g (n) ), where the base coordinates z (n) = (x, u (n) ) ∈ J n are the submanifold jet coordinates and the fiber coordinates g (n) parameterize the pseudo-group jets. The bundle E (n) carries the structure of a groupoid, with source map σ(z (n) , g (n) ) = z (n) and target map τ (z (n) , g (n) ) = Z (n) = g (n) · z (n) given by the prolonged action. The local coordinate expressions for the prolonged action Z (n) are obtained by implementing the chain rule. Suppose that the
be the lifted horizontal coframe on E (∞) , where
are the total derivative operators on the submanifold jet bundle J ∞ . The lifted total differential equations are defined by the formula
Let G be a regular Lie pseudo-group acting on M . An n-th order moving frame is a G-equivariant local section ρ (n) : J n → E (n) . A moving frame exists in a neighborhood of a jet z (n) if the action is free and regular. Let V n be the set of regular n-th order submanifold jets. A moving frame is obtained by choosing a cross-section K n to the pseudo-group orbits and normalizing the pseudogroup parameters Maurer-Cartan forms.
To obtain the prolonged action we apply the lifted total differential equations 5) to the lifted invariant (2.12). For instance, by applying the lifted total differential equations (3.5) to the lifted invariant R yields the first order lifted differential invariants as follows
6)
Differentiating (3.6) with respect to (3.5) yields the higher order lifted differential invariants. Once a moving frame is obtained it is possible to systematically invariantize differential functions, differential forms and differential equations. The space of differential forms on E (∞) splits into
where l indicates the number of Maurer-Cartan forms, and k = i + j the number of jet forms, with i indicating the number of horizontal forms dx i , 1 ≤ i ≤ p, and j the number of basic contact forms
on the extended submanifold jet bundle J ∞ . Let 9) denote the subspace of jet forms consisting of those differential forms containing no MaurerCartan forms. Let π J : Ω * → Ω * J be the natural projection that takes a differential form Ω on E ∞ to its jet component π J (Ω) obtained by annihilating all Maurer-Cartan forms in Ω.
The lift of a differential form ω on J ∞ is the jet form
The lift of a vector jet coordinate ζ b A is defined to be the Maurer-Cartan form
where v (∞) is the vector field 12) with φ α;J defined recursively by the prolongation formula, [17] ,
In particular, the identity (3.11) applies to the lifted differential invariants X i , U α J leading to 14) where ω i = λ(dx i ) for i = 1, . . . , p are the lifts of the jet forms, and φ α;J = λ(φ α;J ) are correction terms obtained by lifting the prolonged vector field coefficients (3.13).
In our problem, we have the equalities 15) where the coordinate expressions for the horizontal forms are given in (2.11) . To obtain the correction terms in the recurrence relations (3.14) one needs to compute the prolongation of the infinitesimal generator 16) using the formula (3.13). Now we can use the recurrence relations (3.14) to investigate the local equivalence problem for third order differential equations under the group of transformations (2.2). For this aim, firstly we construct a moving frame. This is done by determining a cross-section to the equivalence pseudo-group action. Since there is a correspondence between the normalization of the pseudo-group parameters and the normalization of the Maurer-Cartan forms (2.9), the recurrence relations (3.14) can be used to find a cross-section. First, We restrict our attention to the zero-order lifted differential invariants and obtain, using (3.14), the recurrence relations
Since the group differential of X, U, P, Q, R depend on the linearly independent Maurer-Cartan forms µ x , µ u , µ u X , µ u XX , µ u XXX respectively, it is possible to translate X, U, P, Q and R to zero. Setting 18) leads to the normalizations
The group differential of the first order lifted invariants reduce to Using the prolongation formula (3.13) for the coefficients of a vector field, we can choose the normalization equations
which cause to normalize the Maurer-Cartan forms µ x X i+2 , µ u X i+2 U j . The group differential of remaining unnormalized second order differential invariants are 
